In this paper, we prove some fixed point theorems for single valued mappings satisfying an implicit relation on space with two metrics. In addition we give a homotopy result using our theorems.
Introduction and preliminaries
This article presents new fixed point and homotopy results for single valued mappings satisfying an implicit relation on space with two metrics. Our fixed point theorem improves that in [1, 2, 3] . In Section 2, we give an implicit relation and some examples. In Section 3, we prove two fixed point theorems and in Section 4, we give a homotopy result.
Implicit relation
An implicit relation on metric spaces was used in many articles (see [4, 5, 6, 7] ).
Let R + denote the nonnegative real numbers and let T be the set of all continuous functions T : R 6 + → R satisfying the following conditions:
and we let B(x 0 , r) d denote the d -closure of B(x 0 , r). Now, we give our first theorem.
Theorem 1. Let (X, d ) be a complete metric space, d another metric on X, x 0 ∈ X, r > 0 and F : B(x 0 , r) d → X. Suppose F is satisfying the following conditions ;
(a) There exists T ∈ T such that
where f is defined by T 2 and f n denotes the composition of f n−times with itself.
(c)
Then F has a fixed point. That is, there exists x ∈ B(x 0 , r) d with x = F x. P roof. Let x 1 = F x 0 . Now d(x 0 , x 1 ) < r, so x 1 ∈ B(x 0 , r). Next we let x n = F x n−1 for n ∈ {2, 3, . . .}. Now, we claim x n ∈ B(x 0 , r) for n ∈ {1, 2, . . .} and {x n } is a Cauchy sequence with respect to d .
At first, we show x n ∈ B(x 0 , r) for n ∈ {1, 2, . . .}. The proof is by induction. We know x 0 , x 1 ∈ B(x 0 , r). Thus we can use the condition (3.1). Therefore we have
and so
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From T 2 , there exists a continuous and nondecreasing function f :
Thus from (3.2) we have
and so x 2 ∈ B(x 0 , r). Now suppose there exists k ∈ {2, 3, . . .} with x m ∈ B(x 0 , r) for m ∈ {1, 2, . . . , k}. We must show x k+1 ∈ B(x 0 , r). Since x m−1 , x m ∈ B(x 0 , r) for m ∈ {1, 2, . . . , k}, we can use the condition (3.1). Therefore we have
From T 2 , we have
for m ∈ {1, 2, . . . , k}. Therefore we have
for m ∈ {1, 2, . . . , k}. On the other hand, since
Thus we have x k+1 ∈ B(x 0 , r). Therefore x n ∈ B(x 0 , r) for n ∈ {1, 2, . . .}. Also note that
for n ∈ {1, 2, . . .}.
Next we show that {x n } is a Cauchy sequence with respect to d. Suppose it is not true. Then we can find a δ > 0 and two sequences of integers
We may also assume
by choosing m(k) to be the smallest number exceeding n(k) for which (3.6) holds. Now (3.5), (3.6) and (3.7) imply
Also, since
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we have from (3.5) that
On the other hand, since x n(k) , x m(k) ∈ B(x 0 , r) we can use the condition (3.1). Therefore we have
Now letting k → ∞ and using (3.8) we have, by continuity of T, that
. Therefore letting k → ∞ in (3.9) we have δ ≤ f (δ). This is a contradiction since f (t) < t for t > 0. Thus {x n } is a Cauchy sequence with respect to d. We now claim that {x n } is a Cauchy sequence with respect to d .
Let ε > 0 be given. Now (3.3) guarantees that there exists δ > 0 such that (3.10) d (F x, F y) < ε whenever x, y ∈ B(x 0 , r) and d(x, y) < δ.
From above we know that there exists N ∈ {1, 2, . . .} with (3.11) d(x n , x m ) < δ whenever n, m ≥ N. Now (3.10) and (3.11) imply
and as a result, {x n } is a Cauchy sequence with respect to d . Now since (X, d ) is complete there exists x ∈ B(x 0 , r) d with d (x n , x) → 0 as n → ∞. We claim that x = F x. If x = F x we are finished. First, consider the case when d = d . Notice
Let n → ∞ and use (3.4) to obtain d (x, F x) = 0, so x = F x. Next suppose d = d . Since x, x n−1 ∈ B(x 0 , r) we can use the condition (3.1) and we have
and letting n → ∞ we have
From T 3 , we have d(x, F x) = 0, so x = F x. This completes the proof.
If we take
instead of the condition (3.2), then we have the following result. P roof. Let x 1 = F x 0 . Now d(x 0 , x 1 ) < r, so x 1 ∈ B(x 0 , r). Next we let x n = F x n−1 for n ∈ {2, 3, . . .}. Now, we claim x n ∈ B(x 0 , r) for n ∈ {1, 2, . . .} and {x n } is a Cauchy sequence with respect to d.
At first, we show x n ∈ B(x 0 , r) for n ∈ {1, 2, . . .}. The proof is by induction.
We know x 0 , x 1 ∈ B(x 0 , r). Thus we can use the condition (3.1). Therefore we have
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Thus from (3.12) we have
and so x 2 ∈ B(x 0 , r). Now suppose there exists k ∈ {2, 3, . . .} with x m ∈ B(x 0 , r) for m ∈ {1, 2, . . . , k}. We must show x k+1 ∈ B(x 0 , r). Since x m−1 , x m ∈ B(x 0 , r) for m ∈ {1, 2, . . . , k}, we can use the condition (3.1). Thus we have
for m ∈ {1, 2, . . . , k}. Now, we show that
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If k = 2, this is immediate since (3.13) implies d(
. On the other hand, x 0 , x 2 ∈ B(x 0 , r), we can use (3.1). Thus we have
. On the other hand, since x 0 , x 3 ∈ B(x 0 , r), we can use (3.1). Thus we have
Thus (3.14) is true if k = 4. Continue this process to obtain (3.14) if k ∈ {5, 6 . . .}. Now, we show that x k+1 ∈ B(x 0 , r). Since x 0 , x k ∈ B(x 0 , r) we can use (3.1). Thus we have 
and from (3.14) we have
Thus we have
and so we have x k+1 ∈ B(x 0 , r). Consequently, x n ∈ B(x 0 , r) for n ∈ {1, 2, . . .}.
We can complete the proof as in Theorem 1.
Essentially, the reasoning as in Theorem 2 guarantees the following global result. Then F has a fixed point.
Remark 1.
(1) Theorem 2.1 of [1] follows from Example 2 and Theorem 1.
(2) If we take d = d in Theorem 3, then the main theorem of [3] follows from Example 2 and Theorem 3.
